Abstract-
where the source function f and the kernel function K are given and y is an unknown function. There are many numerical approximation methods available to solve Volterra integral equations of type (1.1) such as product integration method, Runge-Kutta method etc. But the problem is that the solution obtained by Numerical approximation method may not be as close to the theoretical solution as expected. In 1995, H.C.Tain [6] applied spectral approximation method for Volterra integral equations. However no theoretical analysis is provided to justify the high accuracy of the solution obtained. In 1996, G.N.Elnagar and M.Kazemi [4] have applied Chebyshev spectral method to solve non-linear Volterra-Hammerstein integral equations. In 2006, H. Fujiwara [7] applied a spectral approximation method to solve Fredholm integral equations of the first kind under multiple precision arithmetic. Our interest in this chapter is to apply spectral approximation methods to obtain highly accurate solutions of equations of type (1.1). Fredholm integral equations behave more or less like boundary value problems. Spectral approximation methods can give highly accurate solutions for boundary value problems. Hence to solve Fredholm integral equations one can directly apply spectral approximation methods to obtain highly accurate solutions. Whereas Volterra integral equations of the second kind behave like initial value problems. Therefore it was not popular to apply spectral approximation methods to initial value problems. The main reason for this is that the functions involved in Volterra integral equations are local functions. Whereas the spectral methods use global basis functions. The spectral methods for Volterra integral equations may be different from those for the standard initial value problems in the sense that the former requires storage of all values at grid points while the latter requires information only at a fixed number of previous grid points . One of the main difficulties is how to implement the spectral methods to Volterra integral equations so that an accurate solution can be eventually obtained. The storage requirement for equation (1.1) also makes use of global basis functions of spectral methods more acceptable. In this paper we apply Legendre collocation method, which is a spectral method, to solve equation (1.1). We also make rigorous error analysis. The error indicates that the solution obtained by Legendre collocation method decreases exponentially provided that the source function and the kernel function are sufficiently smooth.
II. Legendre-Collocation Method
Consider Volterra integral equations of the second kind
where the source function g and the kernel function R are given and u is an unknown function . For ease of analysis we will transform the problem
 
2.1 to an equivalent problem defined in   
where the set   0 
Remark 2.1
It is seen from the numerical scheme (2.9)
that to compute the approximation to  ,     are some collocation points. It is because of this difference that we will be able to obtain, as to be demonstrated in the next section, a spectral rate of accuracy instead of an algebraic order of accuracy for the proposed scheme (2.9). http://www.ijmttjournal.org
Implementation of the spectral collocation algorithm
The idea is to express   j Ft in terms of the Legendre functions: 
together with the known recurrence formulas for
in an efficient way.
III. Some Useful Lemmas
In this section, a convergence analysis for the numerical schemes for the Volterra equation (2.3) will be provided. The goal is to show that the rate of convergence is exponential, i.e., the spectral accuracy can be obtained for the proposed spectral approximations. 
IV.
Convergence Analysis
In this section, we will carry our convergence analysis in both 2 L and L  spaces. .
Error
--(4.14) Using (4.7) and Lemma 3.3 gives and (4.13), respectively. It follows from the Gronwall inequality (see Lemma 3.4 
.
----(4.21) Using (4.7) and Lemma 3.3 gives The desired estimate (4.19) follows from the above estimates and (4.21).
V. Numerical Experiments
Without lose of generality, we will only use the Legendre-Gauss-Lobatto points (i.e., the zeros of
) as the collocation points. Our numerical evidences show that the other two kinds of Legendre-Gauss points produce results with similar accuracy. For the Legendre-Gauss-Lobatto points, the corresponding weights are A similar technique for the collocation methods to the nonlinear Volterra integral equations was used by Brunner and Tang [9] . Below we will provide a numerical example using the spectral technique proposed in this work. Again, it is observed clearly that the errors decay exponentially.
VI. Conclusions
This paper proposes a numerical method for the Volterra type integral equations based on spectral methods.
The most important contribution of this work is that we are able to demonstrate rigorously that the errors of the spectral approximations decay exponentially. More precisely it is proved that if the kernel function and solutions of the underlying Volterra integral equations are smooth, then errors obtained by the proposed spectral method decay exponentially which is a desired feature for a spectral method. This work seems to be the first successful numerical method for the Volterra integral equations having exponential rate of convergence, which can be demonstrated theoretically and numerically. The tools used in establishing the error estimates include the standard estimates for the quadrature rule and the 2 -L error bounds for the interpolation function.
